Abstract: The fermionic fields constructed from Elko have several unexpected properties. They satisfy the Klein-Gordon but not the Dirac equation and are of mass dimension one instead of three-half. Starting with the Klein-Gordon Lagrangian, we initiate a careful study of the symmetries and interactions of these fermions and their higher-spin generalisations. We find, although the fermions are of mass dimension one, the four-point fermionic self-interaction violates unitarity at high-energy. Therefore, it cannot be a fundamental interaction of the theory. It follows that for the spin-half fermions, the demand of renormalisability and unitarity forbids four-point interactions and only allows for the Yukawa interaction. For fermions with spin j > 1 2 , they have no renormalisable or unitary interactions. Since the theory is described by a Klein-Gordon Lagrangian, the interaction generated by the local U (1) gauge symmetry which contains a four-point interaction, is excluded by the demand of renormalisability. In the context of the Standard Model, these properties make the spin-half fermions natural dark matter candidates.
Introduction
The Standard Model of particle physics (SM) has been successful in describing the properties of elementary particles. But despite its success, there remains many outstanding problems in particle physics which led to the consensus that the theory is incomplete. Among them, one of the most important problem is the nature of non-baryonic dark matter [1] [2] [3] .
The theory of Elko and mass dimension one fermion presents an intriguing new paradigm for physics beyond the SM as well as for quantum field theory [4, 5] . In particle physics, the fermion is a dark matter candidate while in quantum field theory, one has a new fermion with unexpected properties -the field satisfies the Klein-Gordon but not the Dirac equation and is of mass dimension one instead of three-half. Since its original conception, the theory has established itself beyond particle physics and quantum field theory [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] into other disciplines. They have found applications in cosmology [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , gravity [32] [33] [34] and mathematical physics [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] .
One of the most important objective for the theory is to establish a rigorous platform to study the phenomenologies of these fermions. On this front, the particle signatures at the Large Hadron Collider and in astrophysics have been studied [9] [10] [11] [12] . However, to the best of our knowledge, these studies did not consider all the possible interactions. In particular, the four-point fermionic self-interaction has been left out.
In this paper, we initiate a careful study of the symmetries and interactions of the mass dimension one fermions. It is shown that although the theory violates Lorentz symmetry, the Lagrangian is invariant under global Lorentz transformations. The Lorentz violation encountered in the theory is quite subtle since they do not involve any deformations of the relativistic dispersion relation. They are instead encoded in the form of preferred direction which can in principle be deciphered from the differential cross-sections. A study on the effects of Lorentz violation is beyond the scope of this paper but it will be considered elsewhere. As for the interactions, our initial focus is on the scalar bosons. While this does not exhaust all the possibilities, it does provide us with sufficient information to determine the types of interactions that are allowed. Later, we also consider the local U (1) interactions.
In the course of our investigation, we impose two conditions. The interaction must be renormalisable and that the S-matrix must be unitary. The first condition is imposed by the mass dimensionality of the field operators and their counter-terms while the later requires us to compute the total cross-sections and examine their high-energy behaviour. We find to our surprise, that the fermionic self-interaction, which by virtue of its mass dimensionality should be renormalisable and unitary, is in fact unitary violating at highenergy. Therefore, it cannot be a fundamental interaction of the theory. An important consequence which follows is that it excludes all the four-point interactions since they cannot be renormalisable without the counter-term generated by the self-interaction. This includes the electromagnetic interactions generated by the standard local U (1) gauge symmetry. In sec. 3.3, we show that the fermions have no renormalisable or unitary local U (1) invariant interactions thus making them natural dark matter candidates.
The paper is organised as follows. Section 2 studies the symmetries of the theory. Sections 3 and 4 study the interactions of the spin-half and higher-spin mass dimension one fermions respectively. We find, for fermions with spin j > 1 2 , they have no renormalisable or unitary interactions. For spin-half fermions, the theory only permits the Yukawa interaction.
Symmetries
The mass dimension one fermionic field Λ(x) and its adjoint ¬ Λ(x) are constructed from a complete set of spin-half Elko
where the annihilation and creation operators satisfy the anti-commutation relations
One can also construct another set of fermionic field and adjoint where the particles and anti-particles are indistinguishable
but they will not be considered here. The definition and solutions of the spinors ξ(p, α) and ζ(p, α) are given in app. A. As for the dual spinors
, their properties are discussed in sec. 2.1. The theory has many interesting properties, for a comprehensive review, please see [45] . Among the novel features, the most important ones are:
1. The field satisfies the Klein-Gordon but not the Dirac equation.
2. The field is of mass dimension one and not three-half.
3. The existence of a preferred direction.
These features are best characterized by the propagator
where G(φ) is an off-diagonal matrix
The angle φ is defined by the momentum p p = |p|(sin θ cos φ, sin θ sin φ, cos θ) (2.7)
with 0 ≤ θ ≤ π and 0 ≤ φ < 2π. In the propagator, the preferred direction is encoded in the G(φ) matrix and its integral which is non-vanishing unless x − y is aligned to the 3-axis. The propagator S(x, y) is different from the one given in [45] by a factor of 1 2 . This is because here we have chosen a different normalisation for the spinors. As a result, the norms of the spinors and the spin-sums to be discussed will also differ from those in [45] by a factor of 2 and 1 2 respectively. The reason for our choice is explained in app. A. The theory is described by the Klein-Gordon Lagrangian despite the fact that the propagator is not a Green's function of the Klein-Gordon operator. This may initially seem to be undesirable, but in our opinion, it is an integral part of the theory that reflects the effect of the preferred direction and cannot be ignored. Additionally, our choice is supported by the fact that the Klein-Gordon Lagrangian yields a positive-definite free Hamiltonian [8] . Therefore, our focus should be on the physical consequences of the G(φ) matrix and the preferred direction. It should be noted that there has been attempt to define an operator in which the propagator is a Green's function but it requires a deformation where one takes I +G(φ) to I +τ G(φ) with τ being a real number infinitesimally close to unity [46] . However, it is unclear whether this procedure is mathematically well-defined.
Taking the Klein-Gordon Lagrangian as the starting point, we study the simplest physical processes involving mass dimension one fermions and real scalar bosons. These processes are easy to compute and provide valuable information on the structures of the theory. Based on the mass dimensionality of the field operators, we propose the following Lagrangian
9)
Later, we will also consider local U (1) interactions. The remainder of this section focuses on the dual spinors, the field adjoint. Physical processes are studied in sec. 3.
Dual spinors and adjoint
An important property that distinguishes Elko from the Dirac spinors is that they have vanishing norms under the Dirac dual. Taking χ(p, α) to represent both the ξ(p, α) and ζ(p, α) spinors, this means that
where
In fact, by computing all its bilinear covariants, one finds that Elko is a flag-pole spinor of the Lounesto classification [38, 47] . The dual which yields non-vanishing orthonormal norms for Elko can be formally defined as [45, 48] 
The γ µ matrices in the basis we are working with are
The resulting Elko norms are given by
As we shall see in sec. 3, an advantage of eq. (2.13) is that it simplifies the computation of the transition probability. This is possible because eq. (2.13) can be rewritten as
But here it is more instructive to express the dual in its original form [4] which can be obtained by an explicit evaluation of eq. (2.13)
This means that ¬ χ(p, α) has the same transformation properties as χ(p, α). An important consequence that follows from eq. (2.18) is that the adjoint ¬ Λ(x) can be expanded in terms of χ(p, α). Therefore, under a global transformation
where D(L) is an element of the (
2 ) representation of the Lorentz group, the field adjoint transforms as
As a result, the inner-product
and hence the Lagrangian L (x) are invariant under global Lorentz transformations despite the fact that the theory violates Lorentz symmetry.
Symmetries of the spin-sums
Lorentz violation of the theory is best characterized by the following Elko spin-sums which also determine the form of the propagator
where the top and bottom signs apply to ξ(p, α) and ζ(p, α) respectively. They are not covariant under arbitrary spinor transformation D(L). Our task here is to determine the global symmetries of the spin-sums. Let M be an arbitrary matrix that is not restricted to the (
2 ) representation. The transformations on the spinors and its duals are
Therefore, the spin-sums become
The demand of covariance or invariance requires the following conditions to be satisfied
whereφ is a constant. From eq. (2.25), we obtain
where the most general solution is given by
Substituting eq. (2.28) into eq. (2.25) and imposing the condition
we obtain
so that a and c are real while b and d are imaginary. We want the matrix M to correspond to a global continuous space-time symmetry transformation. This means that M must be an element of a Lie group so we must have
If we identify M to be an element of the (
2 ) representation, then the solutions which leave the spin-sums invariant and covariant are the boost and rotation about the 3-axis respectively in agreement with the results obtained in [49] . The solutions for a and φ which give us boost and rotation are
whereφ is the angle of rotation and ϕ q is the rapidity parameter. It should be noted that the momentum q is independent of the momentum ascribed to the spinors. Together, these transformations describe the global symmetry of the spin-sums and the propagator. They form the Abelian Lie group SO(2) × SO(1, 1).
Physical processes
In this section, we study the physical processes involving mass dimension one fermions. We start with the four-point fermionic self-interaction. Subsequently, we study their interactions with real scalar and vector bosons. Here we impose the condition that the interactions must satisfy unitarity. For the 1 + 2 → 1 + 2 process in which we are considering, this means that at high-energy, the total cross-section must behave as σ(12 → 1 2 ) ∼ 1 E 2 where E is the centre of mass energy [50] . Contrary to the naive expectation of power-counting and renormalisation, the self-interaction is shown to violate unitarity at high-energy and therefore cannot be a fundamental interaction. This result has important consequences for the theory to be discussed in the following sections. 
Self-interaction
We consider the process fig. 1) , the S-matrix evaluates to
where the sums takes into account of the fermionic statistics. Here we have adopted an abbreviated notation where ξ i = ξ(p i , α i ) and ξ i = ξ(p i , α i ). Defining the S-matrix to be
the scattering amplitude is
Instead of using eq. (2.13), the adjoint
can be more easily computed using the formal definition given by eq. (2.17)
Therefore, the 'spin-averaged' transition probability is proportional to
In obtaining the above expression, we have used the fact that the spin-sums defined with respect to the Dirac dual are given by
which commutes with Ξ(p) since
and that
According to our normalisations of the S-matrix and field operators, the differential crosssection in the centre of mass frame for a general 12 → 1 2 process is given by [51, sec. 3.4 ]
where E = E 1 + E 2 and dΩ = sin θ 1 dθ 1 dφ 1 . In our case, since all the external particles have the same mass, the differential cross-section simplifies to
Therefore, the total spin-averaged cross-section is given by
To simplify the calculation, we take the momenta of the incoming particles to be along the 3-axis
Substituting eq. (3.5) into (3.11), a direct evaluation yields
At high-energy, the cross-section behaves as g 2 Λ (E 2 /m 4 Λ ). Therefore, it will inevitably violate unitarity. Demanding unitarity to be satisfied up to arbitrarily high-energy, the self-interaction must be excluded from the theory.
Here we can just consider the differential cross-section since it has the same highenergy behaviour as the total cross-section. Generally, unless there exists certain rotation symmetries such that the dominant energy contributions vanish upon integration, it is sufficient to consider the behaviour of the differential cross-section. When we study physical processes for higher-spin fermions in sec. 4, it is assumed that no such symmetries exist.
The above result maybe surprising at first since the fermionic fields are of mass dimension one so one would naively expect the self-interaction to be renormalisable and unitary. Upon closer examination, it is not difficult to understand why this is not the case. The spinsums that contribute to the differential cross-section is given by eq. (3.6) instead of (2.21). Had it been the later, eq. (3.11) would behave as g 2 Λ /E 2 Λ and would be unitary. To obtain a unitary self-interaction, one possibility that has been explored was to redefine the transition probability such that the spin-sums that contribute to the cross-section is eq. (2.21) [52, sec. 4.3.1]. However, the proposed definition is not mathematically well-defined and the resulting probability is not generally positive-definite. In app. B, we show that although the dual spinors for ¬ Λ(x) is not given by the Dirac dual, no contradictions arise when the particle annihilation and creation operators are related by Hermitian conjugation. Since the standard definition |M βα | 2 ≡ M † βα M βα is always positive-definite, it remains the correct choice even though this means that the self-interaction cannot be a fundamental interaction.
Scalar-interactions
The exclusion of the self-interaction has important consequences for the theory. For the scalar interactions, it means that H φ 2 = 1 2 g φ 2 ( ¬ ΛΛ)φ 2 is ruled out. This is because at order
contains a scalar loop where the divergence can only be cancelled by the counter-term generated by H Λ (fig. 2 ). Therefore, without the selfinteraction, H φ 2 is non-renormalisable. The only scalar interaction that is renormalisable and unitary is the Yukawa interaction
(3.14)
from which we shall consider a simple tree-level process fig. 3 ). In this case, the amplitude is given by where s = (p 1 + p 2 ) 2 and u = (p 1 − p 2 ) 2 are the Mandelstam variables. We shall leave computation of the cross-section associated with M (Λ 1 φ 2 )(Λ 1 φ 2 ) to a later publication that is entirely devoted to the study of the scalar interaction. Here, useful information can already be extracted by examining the amplitude. Because of the G(φ) matrix, the amplitude is only invariant under boost and rotation about the 3-axis. The only case where it becomes approximately Lorentz-invariant is when the scalar boson is initially at rest with p 2 = 0 and E 1 m φ so that p 2 ≈ 0. An interesting point worthy of note is that it is possible to introduce a contact interaction to cancel the non-covariant G(φ) matrix thus giving us a Lorentz-invariant amplitude. But this is not physical since this term would be a function of two different space-time points. Therefore, it is non-local and does not have a well-defined unitary evolution in time.
Local U (1) interactions
The demand of renormalisability and unitarity impose strong constraints on the possible interactions for the mass dimension one fermions. The exclusion of H Λ has consequences beyond the scalar interactions under consideration. Repeating the argument in the previous section, it follows that all possible four-point interactions must be excluded on the grounds of renormalisability since at one-loop, they all require H Λ to generate the counter-term to cancel the divergences. An important interaction that is excluded is the the local U (1) interaction. This of course, includes the electromagnetic interaction. But in general, the vector potential a µ (x) associated with the U (1) symmetry does not have to be identified with the photon, it could represent other new vector bosons from physics beyond the SM. But here the physical interpretation of a µ (x) is not important. The important point is that such a Lagrangian takes the form D µ ¬ ΛD µ Λ where D µ = ∂ µ − ig a a µ . Although this term is invariant under local U (1) transformation, but because it contains a four-point interaction of the form −g 2 a ¬ ΛΛa µ a µ , it is not renormalisable. But this does not exclude all possible local U (1) interactions, another possibility is
where g f is the coupling constant and f µν = ∂ µ a ν − ∂ ν a µ is the field strength tensor. To see whether L f gives us a unitary interaction, we compute the cross-section for fermion-fermion scattering mediated by a vector boson (fig. 4) . The amplitude
and
The Hermitian conjugate of
where we have used the identity η(S µ ) † η = S µ and η(T µ ) † η = T µ . Therefore, the 'spinaveraged' transition probability is proportional to
Taking the momenta of the incoming particles to be given by eq. (3.12) and by evaluating the individual traces and performing the angular integral according to eq. (3.11), the total spin-averaged cross-section is given by
At high-energy, the cross-section behaves as g 4 f (E 2 /m 4 Λ ). Therefore, like the self-interaction considered in sec. 3.1, it will inevitably violate unitarity.
By the demand of renormalisability and unitarity, we see that the mass dimension one fermions cannot have local U (1) invariant interactions. It follows that the fermions also cannot have non-Abelian interactions since these interactions, modulo the non-trivial Lie algebraic generators, take the same form as their Abelian counterparts so they are either non-renormalisable or unitary violating. The lack of local gauge-invariant interactions make the mass dimension one fermions natural dark matter candidates. Apart from gravity, their only interaction with the SM sector is through the Higgs boson via the Yukawa interaction.
Higher-spin fermions
In this section, we study the interactions of the higher-spin fermionic fields constructed in [8] . These fields and their adjoints take the same form as those given in eqs. (2.1) and (2.2). The differences being that ξ(p, α), ζ(p, α) and their duals are now replaced by their higher-spin generalisations. Independent of the spin, they are still of mass dimension one as can be seen from the propagator
where the matrix G (j) (φ) is given by with , m = −j, · · · , j. By virtue of the mass dimensionality of the fermionic fields, the naive interactions we would have proposed would be identical eq. (2.10). Using results obtained from sec. 3, the relevant spin-sums that contribute to the spin-averaged differential cross-sections are
where γ µ 1 ···µ 2j is a symmetric traceless tensor of rank-2j. Since their high-energy behaviour is of the order E 5 ). Since we have four external fermions, modulo the contribution from the scalar propagator, the spin-averaged transition probability has the same form as eq. (3.5). Take into account of the high-energy behaviour of the spin-sum given by eq. (4.3) and the scalar propagator, we get
The first term in the bracket comes from the normalisation of the fields while the second and third term come from the behaviour of the scalar propagator and the traces of the spin-sums. Therefore, we obtain
Since this is unbounded for j > 1 2 , we see that unitarity is violated for higher-spin fermions at high-energy. Because the high-energy behaviour of the spin-sum is of the order E 2j p , the cross-section associated with the local U (1) interaction will also grow as positive powers of energy and violate unitarity. Therefore, despite the fields of mass dimension one, when j > 1 2 , they do not have any renormalisable or unitary interactions.
Conclusions
In this paper, we have studied the symmetries and interactions of the mass dimension one fermionic fields. A careful analysis of the dual spinors and the field adjoint shows that even though the theory violates Lorentz symmetry, the Lagrangian is in fact invariant under global Lorentz transformations. As for the particle interactions, we find that contrary to the naive power-counting argument, for fermionic fields with spin j > 1 2 , the demand of renormalisability and unitarity exclude all possible fundamental interactions. For the spinhalf fermionic fields, the only allowed interaction is the Yukawa interaction thus making them natural dark matter candidates. Therefore, the full interacting Lagrangian is simply
There are many important processes to be studied. A particular important class of processes are ones that involve fermionic loop corrections to the scalar propagator which contribute to δm 2 φ . In the context of the SM, this will determine how the mass dimension one fermions contribute to the radiative corrections of the Higgs mass. Because the propagator is not Lorentz-covariant, its contribution to δm 2 φ would contain information on Lorentz violation in the form of a preferred direction. Therefore, apart from the direct searches at particle accelerators and constraints obtained from astrophysics and cosmology, a careful investigation of the radiative corrections to the Higgs mass is another promising avenue to detect the signatures of the mass dimension one fermions.
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A Spin-half Elko
Elko is a complete set of four-component spinors constructed from the spinor χ(p, α) = ϑΘφ * (p, α) φ(p, α) (A.1)
where Θ = −iσ 2 and φ(p, α) is a left-handed Weyl spinor. Elko is defined to be the eigenspinors of the charge conjugation operator
where K is an anti-unitary operator that complex conjugates all functions to its right. The spinor χ(p, α) becomes Elko with the following choice of phases
Here, we define the spinors in the helicity basis. The left-handed Weyl spinors at rest are taken to be φ( , . The normalisation is chosen such that the energy of a free particle state is E p instead of 2E p [8] . The spinors at rest and at arbitrary momentum are related by φ(p, α) = exp − 1 2 σ · ϕ φ( , α) (A. 6) where ϕ = ϕp is the rapidity parameter defined as
Using the identity ΘσΘ −1 = −σ * , we obtain χ(p, α) = exp The solutions of Elko at rest are given by [6, 7] ξ( , + where a new operator ‡ has been introduced in place of the Hermitian conjugation † for the creation operators. Here we show that although the spinors have a dual that differs from the standard Dirac dual, no contradictions arise from the identification ‡ = †. First, we derive the expressions for a(p, α) and a ‡ (p, α). This is achieved by performing Fourier inversion on Λ(x) and
